Abstract-A theoretical model is developed for describing the operation of a radio telescope using techniques from optical coherence theory.
I. INTRODUCTION
AD10 TELESCOPES have been used since the 1950's R to image radio sources very far from the antenna arrays.
There has been some interest at the Naval Research Laboratory in building new radio telescopes with very large space borne antenna arrays in order to improve resolution. Some of these arrays would be so large that some sources within the solar system would be within their near field so that the usual methods for forming images fail. Some experimental work has already been done toward refocusing a radio telescope to look at nearby objects but without the support of any detailed theoretical understanding. This work has been done principally by use of optical analogies.
In the present paper a theoretical foundation is provided for understanding the refocusing problem in a more systematic way by use of optical coherence theory. The first section describes the operation of a conventional radio telescope focused at infinity. The second section extends this theory to describe some methods for refocusing the telescope to image objects which are much closer to the antenna array. This study is based on an earlier study concerning differences between three forms that the Fraunhofer far-field approximation can take (see [l] and [2]).
II. CONVENTIONAL FAR-FIELD IMAGING
Conventionally a radio telescope is used to image radio sources which are in the far field of the antenna array of the instrument. This is an analogy to a camera focused at infinity. If the radiation source is in the far field of the antenna array then it makes no difference to the adjustment of the telescope or to the computation of the image just how far the source is from the telescope. All objects are in focus simultaneously if they are in the far field of the antenna array. It is important to remember that in radio astronomy the term far field refers to the source being in the far field of the antenna array. As we shall soon see this is quite different than having the antenna in the far field of the sources (see [l J and [2] ). The conventional method by which a radio telescope images radio sources in its far field will be described in this section for comparison to the new technique for refocusing the telescope to image sources in its near field.
Consider an antenna array for a radio telescope arranged over the z = 0 plane near the origin, as shown in Fig. 1 , irradiated by radio waves from sources in its far field. Since the sources are all in the far field of the antenna array, to image them we need only calculate the intensity over a hemisphere of radius R from the origin.
The antennas measure the amplitude of one component of the transverse electric field at points indicated by the position vector 5? from origin as shown in Fig. 1 . The signal from each antenna is then processed as shown in Fig. 2 . The signals are amplified by a receiver, reduced to a convenient IF, and bandlimited to a narrow frequency spectrum. Then the signals are passed through delay lines which point the array toward the source so that the normal to the plane of the antenna array points in the direction of interest. The resulting signals are then multiplied together and the product time averaged to form correlation functions between signals from antenna pairs, viz.
where *( 5?, t) represents the complex field amplitude of the traveling wave propagating from the source to the antenna array, after it has been detected and bandlimited by the telescope.
We will represent the second-order statistical properties of the field by use of either the mutual coherence function or the cross-spectral density function of optical coherence theory (for general description see [3] and [4], and for applications to radio astronomy see p]). The second-order statistical properties of the field are completely specified by the mutual coherence function
(2) which is usually defined using an ensemble average instead of the time average used in radio astronomy. These are equivalent U.S. Government work not protected by U.S. copyright 
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if the statistics of the source are assumed to be erogodic. Note that (2) is a simple extension of the function described by (l), which is measured by the radio telescope. The cross-spectral density function is then defined by the equation
as the Fourier transform of the mutual coherence function. The procedure for forming an image depends critically on some important assumptions. First we must assume that the antenna array is bounded so that all antennas are within a circle of radius a from the origin within the z = 0 plane. Second, we must assume that all of the sources are in the far field of the antenna array so that
where k = w / c . And third, we assume that the sources of the field are quasihomogeneous (see [6]). Then it is well known (see [2, eq. (27) ] and the preceding derivation) that the intensity associated with the measured component of the electric field over the hemisphere at infinity (or equivalently at fixed distance R from the origin) is given by the Fourier transform of the normalized cross-spectral density function, i.e., where 2 0, otherwise,
is a spatially stationary correlation coefficient, r i s the unit vector pointing from the origin in the direction of an intensity point on the hemisphere, 0 is the angle that rmakes with the +z-axis, 7i' = (U, U) where
are difference coordinates between antenna pairs on the z = 0 plane, and Go is a constant. If some important restrictions are made on the operation of the radio telescope (see Ref.
[5, sec.
II] for a detailed discussion), we can approximate the crossspectral density function in (5) by the measured correlation function defined by (l), i.e., we can use
in the kernel of (5), as shown in Appendix I, where = (U, U). Therefore, the image may be obtained using (5) by normalizing the data and then performing a Fourier transform from the two dimensional uu-plane of antenna position differences to the two-dimensional angular space given by
where p i s a position vector from the origin to a point on the hemisphere as shown in Fig. 1 . If the sources are nearer to the antennas so that they are not in the far field of the array then under some circumstances, there is still a way to refocus the telescope to image these sources.
NEAR-FIELD IMAGING
Consider next a localized, planar, secondary, quasihomogeneous source distribution over the z = 0 plane as shown in Fig. 3 radiating radio waves toward an antenna array of a radio telescope which is located in the z = D plane.
We assume that the sources are not in the far field of the antenna array so the D is too small to satisfy (4). Even so there is a method for forming an image using the same radio telescope described schematically in Fig. 2 but slightly and then Fourier transformed. Equation (14) is a nonlinear coordinate transformation which has a nontrivial effect on the data after Fourier transformation.
Inspection of (1 1) and (12) suggests that it might perhaps be useful to refocus the telescope electronically. This could be done by adjusting the delay lines in Fig. 2 so that the antenna array is electronically moved from the plane to a hemisphere ANTENNA ARRAY of radius R from the origin as shown in Fig. 3 . This can be done since the antennas are in the far field of the sources and ifying the processing procedure to refocus the telescope onto the nearby sources.
To do this we have to make some important assumptions. First we have to assume that the sources are bounded so that they are all contained within a circle of radius b from the origin in the z = 0 plane. Second we have to assume that the antenna array is in the far field of the sources (it is the other way around for conventional far-field imaging) so that 
must be calculated from the experimental correlation data. Inspection of (11) and (12) suggests a straightforward computational method for refocusing the telescope to image nearby objects. As shown in Appendix 11, under almost the same conditions used with the telescope focused at infinity, the correlation coefficient in (12) can be approximated by
the far field amplitude is constant along any direction from the origin except for a 1/R decay and the usual exp (ikR) phase shift. This use of the delay lines has the effect of refocusing the antenna array onto the sources in analogy to refocusing a camera on a nearby object. With refocusing, the function in (12) becomes the same normalized correlation coefficient given in (6) and it can be calculated from the measured correlation function using (8) just as for the case when the telescope was focused at infinity. If we adjust the delay lines as suggested so that in (1 1) R1 = R2 = D , a constant, then (14) reduces to
so that (1 1) becomes which is essentially the same as (5) except for the trivial cos 8 factor and the fact that the U , U coordinates in (16) correspond to the antenna position differences after they are projected onto the hemisphere not those on the actual physical antenna plane. As shown in Appendix 11, the correlation coefficient in the kernel can be approximated using the measured correlation function as given by (13) but with exp (ik(R1 -R2)) = 1. Thus the data can be processed essentially as before when the telescope wi?s focused at infinity. It appears clear from these results that we have to either refocus the telescope physically by use of the delay lines or refocus it mathematically by use of the approach just described. In either case we should be able to form an image of the nearby object in a similar manner to an object in the far field.
IV . CONCLUSION
It appears possible to refocus a radio telescope to image radio sources within the near field of the antenna array if the antenna array is in the far field of the source distribution. This is done by refocusing the telescope onto the sources in analogy to a photographic camera. Refocusing can be done either electronically by curving the antenna array into a portion of a hemisphere with a center at the source, or by processing the correlation function data obtained from the antennas in a somewhat modified manner. Neither of these techniques would require any modification to most existing telescopes. The modifications to the data processing software should not be extensive.
APPENDIX I CALCULATION LEADING TO (8)
The cross-spectral density function over the antenna plane in Fig. 1 (22), (23) Upon substitution from (17) into the Fourier inverse of (3) we find that / P ) ( ? + , w ) The signals received by the antennas are filtered so that only those radio waves with frequency w within a narrow bandwidth A o centered on a median frequency (5 contribute to the data. Since I @ ) (as well as R I , R 2 , and 0) is a slow function relative to p@) , then it follows from the properties of Fourier transform pairs that ,.ifm) is a slow function relative to 6@) .
The temporal Fourier transform in (26) does not change this relationship so that we can assume that The derivation of (13) is virtually identical to that of (8) except for one slightly different assumption and some different coordinates and factors. The cross-spectral density function over the antenna hemisphere in Fig. 3 is given by 
s s -. . (17), (18), and (19), but this does not affect the derivation of (13) in general.
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Again as in Appendix I we assume that the source is quasihomogeneous so that is a slow function relative to p(O). The derivation then proceeds just as in Appendix I with the same assumptions, until we come to the requirement that the antenna plane be restricted so that (24) is satisfied. Instead of the assumption given by (24) we must make the similar assumption that I(') vanishes outside of the domain where (The prime after the equation number signifies that it corresponds to the equation with the same number in Appendix I.) With this assumption, together with the assumption that the source intensity I") is effectively constant over the frequency domain passed by the receivers, we may r p o v e f( s'_, W) from the integration over w' as we removed G(") from a similar integral in Appendix I. is a stationary correlation coefficient, and where IO is a constant given by Io = ssm -m Z(')(?,w)d2?. (32') By comparison of (30') and (31') with (11) and (12) it is clear that they are equivalent if g is given by (13). Because g is defined physically only for unit vectors < and & pointing from the origin toward the z < 0 half-space so that (st, + siy) < 1, and (sk + siy) < 1, it is necessary to define 2 = 0 for all other values of slx + sly and s2x + s2y as indicated in (31') in order to invert a Fourier transform to obtain (30').
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